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Abstract 

We describe the spaces H^{R) and BMO(i?) in terms of their 
closely related, simpler dyadic and two-sided counterparts. As a 
result of these characterizations we establish when a bounded linear 
operator defined on dyadic or two-sided H^{R) into a Banach space 
has a continuous extension to H^{R) and when a bounded linear 
operator that maps a Banach space into dyadic or two-sided BMO{R) 
actually maps continuously into BM0(i2). 

1 Introduction 

In this paper we seek to elucidate the role simple atoms, such as the Haar 
system, play in the theory of the Hardy space H^[R) = H^. It becomes 
quickly apparent that the Haar system, or more generally dyadic atoms, 
do not suffice to span H^. However, the fact that arbitrary atoms can be 
written as the sum of at most three atoms, two dyadic and a special atom, 
makes it possible to gain a greater insight into the structure of and its 
dual, BMO. We pass now to describe the specific results. 

By the Hardy space H^{R) = we mean the collection of those in- 
tegrable functions which admit an atomic decomposition in terms of L°° 
atoms. Recall that a compactly supported function a with vanishing inte- 
gral is an atom, or plainly an atom, with defining interval /, if 



1 f 

supp(a) C /, \a{x)\ < jj-^, and J 



a{x) dx = 



1 



is then the Banach space consisting of those /'s such that 

00 oo 

ffi = {/ = ^A,a, :^|A,|<oo}, 

1 1 

where the convergence is in the sense of distributions as well as in L^, the 
ttj's are L°° atoms, and the atomic norm is given by 

00 oo 

||/|Ui=mf{ J]|A,|:/ = 5^A,a,}. 
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For these, and all other well-known basic facts used throughout the article, 
see mi, Cni and [20]. 

H\{R) = Hj, or dyadic H^, is obtained by restricting the defining in- 
tervals to be dyadic. Clearly ^ 11/ 11//]! and the inclusion C 
is strict. As for H^, the closure of in H^, it turns out to be the space 

= i^f eH^ : f{x)dx = ^y 

More to the point: if {Hj} denotes the normalized Haar system indexed 
by the dyadic intervals / of -R, then sp{if/}, the closed span of the Haar 
system in if^, is also H^. 

is not a convenient space - for instance, / G does not imply 
that /X[o,oo) belongs to - and we are led to introduce two-sided H^, 
or H2g{R) = Hlg. This is the space of functions with atomic decom- 
positions in terms of atoms whose defining interval lies on either side of 
the origin. Endowed with the atomic norm, H]^^ is a proper subspace of 
continuously included in H^. Also, if / G if^, < ||/||_f/]; and 

sp^^jif/}, the closed span of the Haar system in Hl^, is Hl^, see [18j. 

As for the atoms themselves, we note that each atom can be written as 
the sum of at most three atoms, two dyadic and a special atom, see 
This allows us to identify as the sum of H\ and a space generated by 
special atoms and to establish the boundedness of linear operators from 
taking values in a Banach space X given that they map H]^ into X. Similar 
results hold for H"^ and H^g. 

The space of functions of bounded mean oscillation, BMO(i?)=BMO, 
consists of those locally integrable functions (p with 

1 f 

llv^ll* = sup — - / \(p{x) — (fi\dx < oo ^ 
I Ml Ji 
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where 'fii — v{y) dy is the average of </? over /, and the sup is taken 
over all bounded intervals /. Modulo constants, (BMO, || • ||*) is a Banach 
space. 

BMOd(i?) = BMOd, or dyadic BMO, is defined by restricting the inter- 
vals above to be dyadic. The sup is now denoted by || ■ W^^di and modulo two 
constants (one for each side of the origin), (BMO^, || • \\^^d) also becomes a 
Banach space. 

Finally, when the above sup is restricted to those J's that lie on cither 
side of the origin, the sup is denoted || • ||2s, and we have two-sided BMO 
or BM02s(-R) = BMO2S. Modulo two constants, (BMO2S, || • lbs) becomes 
a Banach space. 

BMO is the dual of H^, BMO^ is the dual of and below note that 
BMO2S is the dual of and identify the dual of H^. Each of the de- 
compositions of suggests a characterization of BMO in terms of these 
dual spaces. These new characterizations of BMO in turn allow us to work 
in dyadic and dyadic-like settings, and provide us with an effective way to 
pass from BMO^, and BMO2S, to BMO. We also establish when a bounded 
linear operator that maps a Banach space X into BMO^ actually maps X 
into BMO. 

The paper is organized as follows. Section two is devoted to H^, in 
section three we discuss BMO, and we conclude the paper in section four 
by pointing out how these results can be extended to i?", n > 1. 



2 The Hardy Space H^{R) 
The Haar System 

A dyadic interval / is an interval of the special form 

/ = /„,, = [fc2",(fc+l)2"), 

where k and n are arbitrary integers, positive, negative or 0. Note that 
/ = IlUIr, where the left half and the right half J/j of I are also dyadic. 

For each dyadic interval /, the normalized Haar function Hj is given 
by ^ ^ 

Hi{x) = -rj-XiA^) - tj;Xir{x) ■ 
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Finally, throughout the paper b will denote the function 

To describe how fits in H^, let a be an atom. If the origin is not an 
interior point of the defining interval of a, a is a multiple of a dyadic atom. 
On the other hand, if the origin is interior to the defining interval of a, let 



a(x) 



a{x)+2(^J a{y) dy^ h{x) ~2{^j a{y)dyjb{x 



Since a has vanishing integral the first function above is a linear combina- 
tion of two dyadic atoms with defining intervals on opposite sides of the 
origin, and the second is a multiple of the fixed function b. Thus is of 
codimension one in H^, and since C H^, actually — H^. 

To show that the same is true for the closed span of the Haar system in 
H^, we make use of the following observation. Its proof is left to the reader. 

Lemma 2.1. Suppose a locally integrable function (p satisfies 

/ Hi{x)-^{x) dx — for all dyadic intervals I . 
Jr 

Then for some constants c, d, 

ip{x) = dx{-oo,o){x) + CX{0,oc)(x) . 

We then have. 

Theorem 2.1. The closed span of the Haar system in is H^. 

Proof It suffices to show that sp^{i?/}, the closed span of the Haar system 
in H^, is H^. Let L be a bounded linear functional on that vanishes 
on the Hj's. Then there is (/? G BMOrf(i?) with Hv^H* ~ \\L\\ such that 
for compactly supported / G H^, L{f) = ^^f{x)ip{x) dx. Now, since L 
vanishes on the i^/'s, by Lemma 2.1, (p{x) = dx{-oofi){x) + cx(o,oo)(2^); and 
consequently for those /'s 

/O /"CXD 
f{x)dx + c I f{x)dx = 0. 
■oo JG 

Thus L is the zero functional and we have finished. ■ 

The reader will have no difficulty in establishing the quantitative version 
of Theorem 2.1 in terms of i?"^), the distance of / in to H^. 

Proposition 2.1. Let f e H\ Then d(f, H^) ~ f{x) dx 
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Structure of Atoms 

Since dyadic atoms do not suffice to represent functions, we consider 
liow far apart dyadic atoms are from arbitrary atoms. Tlie answer is tliat 
an arbitrary atom can be expressed as a sum of at most tliree atoms, 
two dyadic and a special atom, see [D]. 

Lemma 2.2. Let a be an atom. Then there are at most three atoms 
ai^cLR^bn^k, such that 

1. ql and qr are dyadic atoms. 

2. For some integers n, k, 

3. a = ciai + C2aR + czbn,k, where |ci|, |c2|, \cz\ < 4 . 

Proof. Let I be tlie defining interval for a, and let n be the integer such 
that 2"-i < |/| < 2" and k the integer such that / C [A;2", (A; + 1)2"]. Set 




a{y)dyy x G P - 1)2", A; 2"), 



[{/c-l)2",fc2") 

otherwise. 

Since a is an atom with defining interval / it readily follows that 

lKlU<i(^ + ^)<^<2-". 

Furthermore, since is supported in [(A; — 1)2", A; 2"] and has integral 0, 
ol is a dyadic atom. 

Similarly, set an equal to 

]U^)-^f ci{y)dy), xG [A; 2", (A; +1)2"), 

aR[X) = 4 V Z J[fc2",(fe+1)2") ^ 

_ 0, otherwise. 

qr is supported in [A; 2", {k + 1)2"], ||a_R||oo < 2~", and has integral 0, so qr 
is also a dyadic atom. 
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Finally put 

Since a has vanishing integral and / C [{k — 1)2", [k + 1)2"] it is also true 

-1)2", fc2"] 

a{y) dy = /j^ 

2", (fc+i)2"] '^(^) ' consequently, since 
a{x) — Aaiix) — AaR{x) is equal to 

a{y)dy, x e [{k - l)2^,k2% 

-1)2", fc2"] 

a{y)dy, x e [A; 2", (A; + 1)2"], 

2",(fe+l)2"] 

we have 

a(x) = Aaiix) +AaR{x) + 2( / a(|/) dy)hn,k{x) . 

^^[(fe-l)2",fe2"] ^ 

Thus the conclusion follows in this case with ci = C2 = 4 and 

f 2" 
|C3| <2 / \a{y)\ dy<2— <A. ■ 

-'[(fc-l)2",fc2"] Ml 



On+l 




as the sum of Banach Spaces 

As a first application of the decomposition of atoms we will show that 
can be written as the sum of various Banach spaces. We have already 
seen that = + sp{6} as linear spaces. In fact, the reader will have 
no difficulty in verifying that actually = + sp{/i}, where h is an 
arbitrary function in \ H"^, and ~ ||/||i?^+sp{M- 

Furthermore, for integers n, k, let bn^k denote the dyadic dilations and 
integer translations of b, i.e., the collection of atoms given by 

bn,k{x) = 2^ [X[(fe-l)2",fe2"](2;) - X[fe2",(fe+1)2"](2^)] ■ 

Note that the special atoms bn,k are multiples of dyadic atoms if k is odd, 
but not if k is even. Also, if A; 7^ 0, the support of bn,k lies on one side of 
the origin. 



6 



Let Hg{R) = H] be the space which consists of the hnear combinations 

00 oo 

1 1 

Endowed with the atomic norm 

00 oo 

1 1 

[H], II ■ IIji^i) is a Banach space. Observe that if / G H], then / G and 
WfWm < \\f\\Hi. 

Similarly, when = we denote the resulting space HIq. It is clear that 
if / e Hi,, then / e Hi and ||/||hi < WfUl < ll/ll/f],- ' ^1 and Hi, are 
the spaces of special atoms alluded to above, see |7| . 

From Lemma 2.2 it readily follows that 

Proposition 2.2. H^ = Hj + H}, and ||/||^i ~ WIWhI+h] ■ 

The meaning of this decomposition is the following. The Haar system, 
or more generally the dyadic atoms, divide the line in two regions, (— cxo, 0] 
and [0, oo). To allow for the information carried by a dyadic interval to be 
transmitted to an adjacent dyadic interval, they must be connected. The 
hnfl^ channel information across the origin and the remaining hn,k^ con- 
nect adjacent dyadic intervals that are not subintervals of the same dyadic 
interval. 

We also have 

Proposition 2.3. H^ = Hi + Hi,, and ||/||hi ~ WIWhI^+hI, ■ 

This characterization allows us to identify the range of the projection 
mapping P of H^ functions / into Pf = X[o,oo) /• It is isomorphic to H^, 
the odd functions of H^, and consists of those functions in L^(i?+) whose 
Telyakovskii transform also belongs to L^(i?"'"), see |lUj . 

The reader will have no difficulty of verifying the following observation, 
which is useful when considering mappings T : H^ X. 

Proposition 2.4. Let B = B, + Bi, where B,, Bi are Banach spaces, and 
assume T is a linear operator that maps B, continuously into a Banach 
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space X with norm ||T||o. Then T : B ^ X with norm \\T\\ if and only if 
T : Bi ^ X is bounded with norm \\T\\i and 



\\T\\ = max ( ||T||o , \\T\\i ). 
We now apply Proposition 2.4 to Hardy type operators in the setting 



= Hl^ + H]q. For < £ < 1 let t, be given by 



r./(x) = ^ r f{y)dy, x^O. 

\-^\ J —X 



We set 1/p = 1 — e, 1 < p < oo , and consider when r^/ is in X = U'{R). 
Since r^hnfl = for 6„ o ^ -^Ic continuity on is equivalent to that 
on iJgs- The case e = 1 is trivial and merely states ||ti/||oo < ||/||_f/i- 

For the remaining cases we begin by observing that for a two-sided atom 

a with defining interval /, r^a is also supported in /, and ( |r£a(x) |^ dx) 

< II In I ■ I \\l^2s- Let now / G ifgs have the atomic decomposition f{x) = 
XjGj . Since the convergence also takes place in L^, it readily follows that 
Tef{x) = Xj Tsraji^x), and thus by Minkowski's inequality, upon taking 
the infimum over all possible decompositions of /, we get 

[j^\nf{x)\r^dxf'" < ||ln|-|||iJj|/||H.^. 

In short, maps into L^{R) with norm < || In | ■ | 11^1^. A similar 
reasoning applies to the more general operators of Hardy type discussed in 
[TTj . which include the Fourier transform. 

Sublinear operators may be treated in a similar fashion. Consider, for 
instance, M^^^-, the maximal operator on given by 



Me4f{x) = sup / f{y) dy 

xei Ml J I 



where < e < 1, and / varies over the collection of dyadic intervals con- 
taining X, see If a is a dyadic atom with defining interval /, 

Me,da{x) < jj^Xi{x) , 

and consequently 

< c, 0<- = l-e. 
II lip p 
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Thus M^ d is uniformly bounded on atoms and since it satisfies an appropri- 
ate (T-sublinearity condition, it can^be extended continuously as a mapping 
from i/^ into L^. However, since Mf.^db{x) ~ min(l, Aifr^d only maps 

the special atoms into wk-L^. So, M^^a is bounded on H]^ but not on H^. 

On the other hand, the truncated version of this maximal operator is 
better behaved. For a positive integer N, let 



M^J{x) = sup . 



1 



x&I 



fiv) dy 



where < e < 1, and / varies over the collection of dyadic intervals con- 
taining X of size < \I\ < 2^ . Then M^^ also maps the 6„,fc's into L^, 
and this maximal function maps into L^. 



The duals of Hi and 

An argument along by now familiar ideas allows us to identify the dual of 
as BMO2S. Indeed, we have 

Theorem 2.2. BMO2S is the dual of Hl^. More precisely, for every if in 
BMO2S, the functional defined initially for hounded compactly supported 
functions f e by the integral L^{f) = f^f{x)(p{x)dx has a bounded 
extension to H^g with norm less than or equal to c ||</?||*^2s- 

Moreover, for any functional L G (i/gs)*? there is G BMO2S, with 
norm ||v5||*^2s ~ ||-^||, such that L{f) = L^p[f) = J^f{x)ip{x)dx for every 
compactly supported bounded f G i/2s • 

We consider the dual of H"^ next. Let ip,ip & BMO. We say that </? ~2 '0 
if for some constants c, d, 

(p{x) - i/jix) = dx(-oo,o]{x) + cx[o,oo){x) a.e. 

Clearly ~2 is an equivalent relation, and the norm for the element $ G -B = 
BMO/ ~2 with representative (p G BMO is given by 

^inflllV'll* ■.ip^2^}- 

Now, since (H^)* is isometrically isomorphic to 

{Hy/{H^)^ = BMO/(ii"^)^ , 
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we have (iJ^)* = B. 

This identification allows us to distinguish between H^^ and H"^. Indeed, 
since X{o,oo){x) \nx is in BMO2S but not in i?, the inclusion H^g C 
is strict. We can also exhibit f e \ H^. For n > 1, let fn{x) = 
2"x[2-n 2-n+i](a;), and with L — Yl'^=i /(^) ^e the odd extension of 

the function 

00 ^ 

LxiQ,i] (^) - ~ -^"(^^ ' ^ > ■ 

n=l ^ 

Then / e if^, and < 6L. On the other hand, since 

/•oo 

/ /n(a;) Inxda; = -n ln2 + (21n2 - 1) , 
Jo 

it readily follows that | f{x) Inxdx] — 00, and / ^ H2g. In other words, 
/ G i?"^ and its projection Pf is an intcgrablc function with vanishing 
integral supported in [0,oo), but Pf ^ H^. However, ii g E vanishes 
for X < 0, then Pg G i/2s- For, if has an atomic decomposition g{x) — 
X^j % (^) ; it ^iso has the two-sided decomposition 

3 



3 Characterizations of BMO 
From BMOd to BMO 

When restricted to linear functionals. Proposition 2.4 suggests different 
characterizations of BMO. We discuss the dyadic case first. Given a BMO 
function (p, consider the bounded linear functional on induced by (p. 
When acting on individual atoms, two conditions, one for dyadic atoms 
and the other for special atoms, must be satisfied for this functional to be 
bounded. The condition on the dyadic atoms suggests that (/? G BMOfj, 
whereas the condition on the bn^s, restates that the integral of if is in the 
Zygmund class. 

This motivates the following definition. For a locally integrable function 
(p let 

Mf) = sup / fix) dx- I ^{x) dx 

n,k ^ ^[(fe-l)2",fe2"] ^[fe2",(fe+l)2"] 
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and put 



A = {ip e BMOd : A{ip) < 00} , ||(^||a = max , A{ip)^ . 

Our next result describes how to pass from BMO^ to BMO. 

Theorem 3.1. BMO = A. More precisely, if ^ E BMO, then (/? G A and 
II V^IU < II V'll*- Also, if ip E A, then ip G BMO and \\ ip\\^ < c \\ (p\\a- 

Proof. It is clear that ||<^||A<f'||9?||*- Conversely, assume that (p & A and 
observe that for an atom a = ciGl + C2aR + c^bn,k-i we have 



a{x)ip{x) dx 



R 



< 4 



iR 



aL{x)(fi{x) dx 



aR{x)(fi{x) dx 



J R 



hn,k{x)^p{x) dx 



R 



< 4||(^||>,,d + 4||v?||*,d + 4A((^) < 12||(^||a. 



Suppose now that / = A„a„ G is compactly supported and bounded, 
and that (/9 G A is bounded. Since limAr^oo X^i A„a„ = / in L^, \nCin^ 
converges to f(f in as, N ^ 00. Thus Imiiq^^Yl^ jjiO'n{x)<^{x) dx 
— Jj^f{x)ip{x) dx and 

« 00 „ 00 

/ f{x)(p{x)dx\<y2\^n\ / an{x)(p{x)dx < c |A^| II (pWa- 

JR ^ J R ^ 

Since the decomposition of / is arbitrary, f{x) i^{x) dx\ < c ||/||hi || v^||a • 
To show that this estimate also holds for arbitrary G A, note that if ^-p^ 
denotes the truncation of </? at level k, ||<^^||a < c||99||a uniformly in k. Thus 



f{x)^p^{x) dx 



<c||/||^i||<^''||a<c||/||hi||(^||a. 



Now, since / has compact support and </? is locally integrable, f ^ is inte- 
grable. Whence, by the dominated convergence theorem, J^f[x)ip^{x)dx 
tends to j ^ f {x)(p{x) dx, and consequently. 



f{x)ip{x) dx 



R 



< C 



m\W\\A ■ 
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Finally, since 



ll^l 



sup 

/G//1,||/||^1<1 



f{x)ip{x) dx 



R 



where / is compactly supported and bounded, ||v5||*<c||(/9||a- ■ 
As an application of the above characterization, the following holds. 

Proposition 3.1. Let T be a continuous linear operator defined on a Ba- 
nach space X which assumes values in BMOd with norm \\T\\d. Then T 
maps X continuously into BMO if and only if for all integers n, k, 



2n+l 



Tf{x) dx 



'[(fc-l)2",fc2"] 

and \\T\\ = max ( ||T||(i,M). 



Tf{x) dx 



[k 2",(/c+l)2"] 



< M 



X 



Shifted BMO 

The process of averaging the translates of dyadic BMO functions leads to 
BMO, and is an important tool in obtaining results in BMO once they 
are known to be true in its dyadic counterpart, BMO^, see [12]. It is also 
known that BMO can be obtained as the intersection of BMO^ and one of 
its shifted counterparts, cf. [16j. These results motivate the observations in 
this section. 

Given a dyadic interval / = [{k — 1)2", A; 2") of length 2"^, we call the 
interval /' = [{k - 1)2" + 2""^ A;2" + 2""^) the shifted interval of I by its 
half-length. Clearly |/'| = |/|, and /' = [{2k - 1)2"-^, {2k + 1)2"-^) is not 
dyadic. 

Let J = {Jn,k} be the collection of all dyadic shifted by their half-length, 
Jn,k = [{k — 1)2", {k + 1)2"), all integers n, k, and let BMO^s be the space 
consisting of those locally integrable functions such that 

Ilv5||*,d» = sup — ^ I \ip{x) - ipj^ i^l dx < oo . 

n,k \Jn,k\ Jj^j^ 

We then have 
Theorem 3.2. BMO = BMO^ n BMOd.. 
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Proof. It is obvious that if v? G BMO, then ||(/?||*,ci , Hv^lUd^ < W'^W*- 

Conversely, it suffices to show that (/? G A. Since G BMO^, it is enough 
to show that A[(p) < oo. For integers n, k, consider 

1 



2n+l 



[(A;-1)2",A;2"] 



(p{x) dx — 

i[fe2", 



(fc+1) 2"] 



(p{x) dx 



J. 

- 2"+' im-n 



[(fe-l)2",fe2'' 



dx — 



[fc2",(fe+l)2"] 

dx < W^plU^d" , 



dx 



'[(A;-l)2",(fe+l) 2"] 

which imphes that A{ip) < \\(p\\*,d', and we are done. 



Further Characterizations of BMO 

We further describe BMO in terms of the duals of the various spaces de- 
scribing H\ Prom ^H^ + sp{h} it follows that BMO ^ B D (sp{/i})*, 
where h G satisfies Jj^ h{y) dy ^ 0. To fix ideas we pick h — —b 
and introduce the equivalence relation in BMO as follows. We say that 
(p ^bip if if — ip = r] for some rj G BMO with r]{y) b{y) dy = 0. We endow 
these equivalence classes, which we denote by B^, with the quotient norm, 
and observe that the norm in BMO is equivalent to the norm in B OBi,. It 
is possible, however, to work with a simpler expression. 

Proposition 3.2. For a locally integrahle function (p, let 

^h{v) = / (p{y)b{y)dy 

JR. 

Let (fi G BMO be the representative of ^ G B. Then 

\\(p\\^ ~ max( Ai^p) )■ 

Proof If G BMO, then clearly < \\ip\\^. Also, \Ah{ip)\ < \\^\\*\\b\\H^ 

As for the other inequality, we have < c max( ||*^||bJ • Let 

A — Jj^(p{y)b{y) dy, put iIj{x) — 2Ab{x), and observe that t/j G L°° and 
ip{y) ~fe V- Then < HV'II* < HV'lloo < \A\ = Ab(ip), and we have 

finished. ■ 
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We also have the following result for BM02s- 
Proposition 3.3. A function (f G BMO if and only if <f & BMO2S and 

1 



Ao{ip) = sup 



2n+l 



-2",0] 



vi.y) dy - 



^(y) dy 



[0,2" 



< 00 , 



Moreover, there is a constant c such that 

\\(p\\^ ~ max( \\ip\\^^2s, Ao{(f) ). 

We leave the verification of this fact to the reader, and point out an 
interesting consequence, see [T]. 

Proposition 3.4. Suppose ip G BMO2S is supported in [0,oo). 

1. The even extension (f^ of (f belongs to BMO, and Hv^ell* = ||v^||*.2s- 

2. The odd extension ipo of (f belongs to BMO if and only if 



1 

sup — 

n ^ 



f{y) dy 



0,2"! 



< 00 , 



and in this case 



, I, 1 



f{y) dy 



0,2"! 



As an illustration of the use of the above results we will consider the 
T(l) Theorem, which establishes the continuity in of a standard CZO 
operator essentially under two kinds of assumptions, the weak boundedness 
property and the T(1),T*(1) BMO assumption. Indeed, we have, see [Hj, 

T(l) Theorem. Suppose T is a standard CZO that satisfies 

(WBP) For every interval I , \{Txi,Xi)\ 

(BMO condition) ||T(1)||, + ||T*(1)||, < c. 

Then T is a continuous mapping in L^. 

In applications it is of interest to state the BMO condition in a form 
that is easily verified. For instance, in the dyadic setting, the following two 
conditions may be assumed instead. 
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(ij ||r(i)||,,,+ ||T*(i)||,,,< c. 

(2J For all integers n,k, \ {T{bn,k), 1)| + |(T*(6„,fc), 1)| < c. 

Then clearly T(l), T*(l) G BMO, and the T(l) Theorem obtains. 

Similarly, in the two-sided setting, the following two conditions may be 
used instead of the BMO assumption, 

(ij l|r(i)||*,2.+ ir(i)||.,2s< C. 

(2J For all integers n, |(r(Vo), 1)1 + \{T*{bn,o), 1)1 < c. 

Two particular instances of this last observation come to mind. Let T 
be a CZO with WBP that satisfies (1^). Also, assume that for any interval 
I — Infl, T{xi) is supported in 7, and similarly for T*. Now, since 

{T{hn,Q) , 1) = [ ( ^X[-2",0] , X[-2n,0] ) - ( TX10,2"] , X[0,2n] ) ] , 

by WBP, |(T(6„_o)) 1)1 ^ c. The estimate for T* is obtained in a similar 
fashion, and therefore (2^) also holds. Thus T is bounded in L^. 

Finally, when the kernel of T is even, or odd, in x and y, T(l) and 
T*(l) are even, or odd, respectively. Now, by Proposition 3.4, if T(l) is 
even and T(l)x[o,oo) is in BMOa^, then T(l) G BMO; similarly for T*(l). 
On the other hand, if T(1),T*(1) are odd and T(l) X[o,oo), X[o,oo) are 
in BMO 2s, we also require that 



sup 



ni){y)dy 



[0,2" 



sup 



T*{l){y)dy 



[0,2" 



< C. 



Under these assumptions (1^) holds and together with (2^) obtain the con- 
tinuity of T in L^. 



4 Final remarks 

We sketch now the extension of the results to higher dimensions. To avoid 
technicahties we restrict ourselves to the case n — 2, but stress that appro- 
priate versions remain valid for arbitrary n. Also, since the proofs follow 
along similar lines to the case n — 1, they will be omitted. 
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The two-dimensional Haar system is generated by the integer transla- 
tions and dyadic dilations of the three basic orthogonal functions 

^i{x,y) = H{x)x[o,i]{y) , ^2{x,y) = X[o,i]{x) H (y) , 
cf. More precisely, the functions 

^i,n,fc,« {x,y) = r^, {Tx -k,ry-l), ^2,nAi i^, y) = 2"^2 {Tx - k, Ty - 1) , 

^3,n,M(a:, = 2"vl/3(2'^x - A;, - , 

for arbitrary integers n, k, I, generate the two dimensional Haar system. In 
three dimensions seven basic functions are required. 
We then have 

Theorem 4.1. The dosed span of the two dimensional Haar system in 
H^{E?) is the sub space H^[I^) of H^i^B?) which consists of those functions 
that have integral on each quadrant. 

Clearly there is some redundancy in this statement. Since functions in 
H^{B^) have integral, it suffices to require that the functions in question 
have integral in any three quadrants. 

Let Qi, Q2, Qs, Q4, denote the four quadrants of R^. It is not hard to see 
that the functions ip with the property that = for all / G sp{\I'j,„,fc} 

are of the form ip = J2i^iXQi this suggests how close H^{R^) is to 
H^{R^). In fact, we have, 

H\R^) = sp{^j-„,fe, 61,62, &3}, 

where 6i(x,y) = 6(a;)x[o,i)(y), 62(2;,?/) = X[o,i](a;)6(y), and 63(0;, = 
h{x)x[-ifl]{y)- 

As for arbitrary atoms a in H^lR"^), they can be expressed as a sum of 
at most five atoms, four dyadic and a special atom. More precisely, if we 
denote Qn,k,m,i = In,k X Im,u then 

Lemma 4.1. Let a be an H^i^R^) atom. Then there are at most five atoms 
ai,a2,a3,a4^,bn,k,m,i, such that 

i. The OiS are dyadic atoms. 
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ii. For some integers n, k, m, I, bn,k,m,i{x) is equal to 

2n+m+2 \.^^^Qn,k,m,l ^^XQn,k-l,m,l ^3XQn,k,m,l-l ^'^XQn,k-l,m.,l-l\ ' 

where \ki\ < c, an absolute constant independent of a, and ki = 0. 

iii. a — Yli^i'^i''''^5^n,k,m,h where |cj| < c, an absolute constant independent 
of a. 

With this decomposition of individual atoms available, wc can describe 
H^{R^) in various ways. For instance, if H\{R^) denotes the dyadic Hardy 
space, and Hl{R^) denotes the subspace of H^{B?) spanned by the bn^k,m/s, 
then (R^) — Hi {R^)+Hl [R^) in the sense of sum of Banach spaces. Thus 
the continuity of a linear operator acting on H^{R^) can be characterized 
in terms of the continuity of its restrictions to H\{R^) and Hl{R^). 

Also, decompositions of H^{R^) lead to characterizations of BMO(i?^). 
More precisely. 

Lemma 4.2. A locally integrable (p G BMO(i?^) if and only if ip belongs to 
BMOfi{R^) and for a constant c, 




(p{x,y) bn,k,m,i{x,y) dy 



< c , aUn, /c, m, / . 



Finally, as a consequence of this result one can write a version of the 
T{1) theorem in R^ under dyadic-hke assumptions. 
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